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1. I

The end goal of any solid Earth study is to better constrain physical parameters of the Earth (e.g.

viscosity, temperature, and mineral composition). As we are unable to directly measure many of

these quantities, past a few kilometers in depth, we must content ourselves with indirect estimates

by way of experiment and theory. Just as geochemists do this by way of compositional deviations

from pyrolite [ZH86], seismologists do this by way of deviations from seismically measurable

quantities such as velocity, attenuation, and density. All of these quantities play a crucial role in

developing our ability to better understand the solid Earth [VDHWE97].

Constraints on Earth’s deviation from being perfectly elastic over short time scales [Nol08] has

remained a challenging problem and seen relatively little progress compared to studies focusing on

seismic velocity [Rom99]. However, seismic velocity can not be used to constrain estimates of the

Earth’s internal temperatures, compositions, or melt contents alone [Kar08]. We give a formulation

of seismic attenuation in terms of a viscoelastic material, yielding a frequency dependent definition

of attenuation. We then discuss application of attenuation to solid Earth studies. Finally, we

develop a method for measuring attenuation that does not make use of synthetic data.

The outline of this paper is as follows: We first develop the seismic theory of waves in a vis-

coelastic material following [Ken01]. We then discuss applications of seismic attenuation to solid

Earth studies by using attenuation along with seismic velocity to put constraints on mantle tem-

peratures, compositions, and melt contents. We then develop a new technique for measuring body

wave attenuation by way of relative spectral ratios and apply it to a data set from the TA Array.

2. A R  AM

We briefly review the basic theory of seismic attenuation drawing from [AR02] and [DT98].

In order to measure attenuation we must first define a measure of the deviation from the Earth

being perfectly elastic. We follow [Ken01] and assume that our domain X is a smooth manifold of

dimension 3 and satisfies a constitutive relationship where the stress depends on the prior history

of the local strain. That is, σi j depends linearly on the instantaneous elastic moduli c0
i jkl and the
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strain ekl(t) along with the prior history of the strain:

(2.1) σi j(t) = c0
i jkl(t)ekl(t) +

∫ t

t0
Ci jkl(t − s)ekl(s)ds,

where Ci jkl, ekl(t), and hence σi j(t) are assumed to be smooth outside a set of measure zero and

defined on all of X × R≥0.

For simplicity we assume X is isotropic so using (2.1) we may write:

(2.2) τi j(t) = λ0∂kuk(t) + µ0(∂iu j(t) + ∂ jui(t) +

∫ t

0
Rλ(t − s)δi j∂kuk(s) + Rµ(t − s)(∂iu j + ∂ jui),

where Rµ and Rλ are suitable relaxation functions. Moving to the frequency domain yields the

complex quantity:

λ1(ω) =

∫ ∞

0
Rλeiωt

and similarly for µ1(ω). Using these quantities we define the dialatational quality factor as

1
Qκ(ω)

= −
Im(κ1)
κ0

,

where κ = λ + 2
3µ. Similarly, the deviatoric quality factor is

1
Qµ(ω)

= −
Im(µ1)
µ0

.

These definitions generalize, in the obvious way, for anisotropic materials. Finally, we mention

that from our definitions for the quality factors for µ and λ we may define the quality factor for a

given seismic phase.

Example 2.1. For an S -wave propagating through X we have its wave speed β is given by
√
µ/ρ.

Therefore,

β2 =
µ0 + µ1

ρ
.

Since µ1 is a function of frequency we see that β is also dependent on ω.

Using the above argument, mutatis mutandis, we can define quality factors for both P and S

phases, as done by [Ken01]. From our definition of the quality factor we may relate it to a simple

harmonic phase defined on X. Let

u = A0ei(ωt−kx),

where k is the wave number. Then as k = ω/V , where V is the complex velocity for our phase we

may rewrite u as

u = A0e
−ω

2VQ ei(ωt−kx).
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It is now useful to define a new quantity called t∗. Let s be a piece-wise integrable path for a given

harmonic phase on our domain X. Then

(2.3) t∗ =

∫
s

ds
2V0Q

,

where V0 is the real part of the velocity of our harmonic phase and Q is the associated quality

factor. If X is homogenous, then V0 and Q are independent of X and t∗ simplifies to:

t∗ =
t

2Q
,

where t is the time it takes our phase to travel along s.

We may view Q as a measure of the energy loss per cycle for the harmonic wave X. Since V

and k are, in general, dependent on ω we see that Q is a frequency dependent quantity. It is worth

noting that our definition of the quality factor directly generalizes to anisotropic material. In this

case one may take the elasticity Ci jkl, defined on X, to be complex. One may then define Q along

various symmetry axes in the obvious way [And07].

Using the above formalism we can apply our development to the Earth. For the earth measure-

ments of t∗ can often range from 1 to 2 seconds and from 4 to 8 seconds for teleseismic P and S

waves, respectively [DT98]. Very roughly, assuming all other quantities are held constant, large t∗

values indicate smaller Q values and therefore, the medium in question, attenuates a given phase

more rapidly than smaller t∗ values. Of course, the above heuristic argument assumes that X is

homogenous. Currently, global one-dimensional velocity models have been unable to constrain

quality factors for P and S waves for example, QP = 57823 throughout the entire preliminary

reference Earth model (PREM). Other well known models (e.g. IASP91) have avoided including

quality parameters into the global models while some models have been restricted to quality param-

eters derived from normal mode studies (e.g. AK135) [Bor02], confirming the general conclusion

that our understanding of seismic attenuation is still in its infancy.

3. F F  Q

In the previous section we developed the seismic theory for Q using the frequency dependence of

the seismic velocity. As we modeled our domain X by way of a viscoelastic material it is possible

to derive a functional form for Q known as the Debye equation [DT98]:

(3.1) Q−1 = 2Q−1
max

ωτ

1 + (ωτ)2 ,

where τ is the relaxation time. We may define τ as

τ = τ0e(E∗+PV∗)/RT ,
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where E∗ is the activation energy, P is the pressure, T is the temperature, R is the universal gas

constant, and V∗ is the activation volume [And07]. This functional form for Q−1 is in the form of

a bell shaped curve, which can be thought of as an “absorption band.” Notice that as ω → 0 and

T → ∞

Q−1 → 2Q−1
maxωτ0e(E∗+PV∗)/RT ,

which suggests that as temperature increases so does attenuation [And07]. On the other hand for

ωτ small we see that

Q−1 → 2
Q−1

max

ωτ0e(E∗+PV∗)/RT

indicating that it is possible for Q to decrease as T increases. From the previous two equations

we see that we may relate attenuation to temperature, pressure, and τ. However, it is difficult to

experimentally verify such parameters [JZB04] at seismically observable frequencies. Therefore,

Q is often taken to be approximately constant across a given frequency band. However, some

seismic studies have looked at the frequency-dependence of Q for regional phases [EMB04].

4. A  A

Seismic attenuation, from the standpoint of other Earth science disciplines can be colloquially

stated as “the study of the hardness of rocks.” The strong variability of quality factors in the Earth

provide a very sensitive measurement which can be related to other physical parameters [Nol08].

It is possible to develop general relations between seismically observable quantities (e.g. ve-

locity, attenuation) and other physical quantities of the Earth such as temperature T , composition

Yi, and melt fraction φ. Assuming one can also seismically constrain the Earth’s density, then it

is possible to solve for T , Yi, and φ when there are assumed to be three or less distinct chemical

phases [Kar08]. However, it should be noted the constraining density anomalies seismically is

difficult and still in its infancy. Generally the resolution for quality factors are also low making this

approach less directly useful.

Although it can be difficult to quantitatively constrain temperature, composition, and melt frac-

tion using tomographic images it is possible to observe general trends and interpret these trends in

terms of the physical state of the region. We now briefly discuss this at a qualitative level.

It is generally assumed that bulk attenuation is less dominant than shear attenuation in the upper

mantle [Kar08] so QP > QS . Although this is generally the case, it has been shown that QP/QS

ratios tend to be small in partially molten materials; QP/QS provides a similar constraint to VP/VS

ratios which relate to Poisson’s ratio [Men05]. Typically rocks near their melting point have large

VP/VS ratios (VP/VS > 2).

Beyond taking ratios of seismically observable quantities to infer the possibility of partially

molten materials it is possible to attribute attenuation variations to temperature anomalies. It has
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been experimentally shown that at a fixed seismic frequency below 0.1 Hz and in temperature

ranges between 1000 ◦C and 1150 ◦C attenuation increases with increasing temperature [JZB04]

for olivine and basalt compositions. Furthermore, these experiments show the dependence on

temperature in a wide range of frequencies that are seismically observable.

Finally, we mention in passing that one can also relate velocity variations to temperature anom-

alies fairly directly [Kar08], however, one must be careful to also consider changes in velocity

variations as possibly being the results of compositional heterogeneities. It is for this reason that

our current ability to attribute anomalous seismic data to temperature, composition, and melt frac-

tion and remain limited and controversial. However, independent estimates of seismic attenuation,

combined with VP and VS variations, can help to identify the physical state of the upper mantle and

shed light on the role and temperature, composition, and melt fraction.

5. R E  Q

We now develop a method for estimating Q for a given seismic phase on a dense array. Since

our current Earth attenuation models are crude at best [Rom99] it is in our interest to develop

techniques for measuring Q that do not rely on the use of synthetic seismograms. Our method

is similar to that developed by [LSM06], but we do not use event means relative to a station and

instead take these as crustal corrections. Previous studies of done this by relying on event means

to measure the deviations in amplitudes of the incoming waveforms [BS04]. Instead we develop a

method to measure the relative deviations in amplitudes between stations, for each event. That is,

we assume that variations in recorded waveform amplitudes are the result of spatial variations of

seismic attenuation in the mantle. Although the phases under study and applications to a particular

domain require further assumptions, the method for measuring Q is general. Therefore, we will

develop these methods in full generality and then discuss the necessary assumptions needed to

apply them to particular seismic phases of interest.

Let ui(t) and u j(t) denote event time-series recorded at stations i and j for a given event, respec-

tively. We assume that xi and x j have compact support. Assuming the above, we may estimate

the relative arrival time for the phase of interest, by employing a method developed by [VC90], by

maximizing the norm of the convolution of the two signals. That is, the relative delay time τi j is

the delay time which maximizes the correlation between the two recorded time-series:

(5.1) Ri j(τ) =

∫ ∞

−∞

xi(t)x j(t − τ)dt.

These relative delay times may be solved in an absolute sense, assuming we know the absolute

arrival time of one phase at one station. Namely, let τi denote the arrival time for the phase of
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interest at station i. Then we may take τi j = τi − τ j and invert for τi with a model matrix that is

sparse matrix with non-zero entires of 1 and −1.

We generalize the above method to estimate “t∗” as defined previously. Again, let ui(t) be the

time series recorded at station i for the event of interest. We further assume the seismic phase we

wish to estimate t∗ for is isolated and has compact support and each ui has been windowed around

τi. Moving to the frequency domain ui( f ), where f is the natural frequency f = ω
2π may be written

as a product of other frequency dependent terms:

xi( f ) = GiS ( f )H( f )Ri( f )e−π f t∗i ,

where Gi is the geometrical spreading, S ( f ) is the source function, H( f ) is the instrument response

of the recording device, Ri( f ) is the crustal response function and e−π f t∗i is the frequency dependent

energy loss [Nol85], as defined in (5.2).

For i and j sufficiently close we assume Gi = G j. Furthermore, we assume H( f ) is well known

and may be corrected for. Upon taking spectral ratios we see that

xi( f )
x j( f )

=
Ri( f )
R j( f )

e−π f (t∗i −t∗j ).

We may define a relative t∗i j by

(5.2) log
( xi( f )

x j( f )

)
= −π f (t∗i − t∗j) + log(Ri j) = −π f t∗i j + log(Ri j).

We assume that Ri j is event independent as may therefore be removed using sufficiently many

independent events [JR89]. The last part of this equation lends itself to a simple linear inversion

for the absolute t∗ parameters. That is, in a similar way as for delay times, we may invert for t∗i .

Upon obtaining absolute t∗ values, relative to the network of stations, we may invert for the quality

factor of the specific phase of interest through applying (2.3) where the integral is taken over the

ray path of the phase of interst. Notice, that (2.3) assumes an a priori knowledge of V , the velocity

of our phase of interest. By employing a simple inversion method to the data t∗ we may solve for

Q relative to the network.

Of course to utilize both the arrival time data ti and the attenuation data t∗i it is possible to jointly

invert for both the velocity V and the quality factor Q [ABT05]. Let tmodel denote the vector of

predicted arrival times for a reference Earth model (e.g. the PREM Earth model [DA81]) and let

t∗model denote the vector of predicted amplitude measurements [Cer01]. Then we may solve for

deviations from the reference model by way of

(5.3) G(m − mmodel) = [t − tmodel t∗ − t∗model]
T ,
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where G is the model matrix constructed by ray tracing, m−mmodel is the vector of deviations from

the reference model parameters we wish to solve for and T denotes the transpose of the matrix or

vector in question.

6. A E U  TA A

We now apply the above theory to an example data set and attempt to estimate Q for both the

P and S phases in the upper mantle. We assume that Q is large in the lower mantle [BS04], so

that relative t∗ variability is restricted to the upper most mantle. The data set used is from nearly 3

years of data which includes 392 events of magnitude Mw > 5.5 al of which were between 30 and

80 degrees away from the center of our station array.

F 1. P-phase windows for stations TA.O21A.BHZ and TA.O22A.BHZ for the

first Yingjang Earthquake. Notice the non-isolated energy near the P-phase, these

are likely near-source reflection phases such as pP and sP. Also, notice the slight

delay between the stations which may be recovered by the cross-correlation meth-

ods.

We use only velocity seismograms as the additional smoothing caused by integrating to dis-

placement results in poorly constrained onset times. For each seismogram used in the study we

correct for the instrument response to avoid errors in amplitude measurements caused by different
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instrument sensitivities. The frequencies of interest are less than .0083 Hz and all the instruments

recording data for this study have a flat velocity response, making this a stable procedure. We

pick data windows for P-waves as estimated by 1D ray tracing [COR99] using the PREM Earth

model [DA81] that start 5 seconds before and end 10 seconds after the estimated arrival (Figure

1). Similarly, for each S -wave arrival we pick data windows 7 seconds before and end 25 seconds

after the estimated arrival. We taper these data windows with a 10% cosine taper. We also remove

the trend and the mean and band-pass filter using a 4 pole non-causal Butterworth filter. For the

P-phase seismograms we filter between 0.2 Hz and 1 Hz and for the S -phase seismograms we filter

between 0.01 Hz and 0.004 Hz.

F 2. Relative t∗ measurement for stations TA.O21A.BHZ and TA.O22A.BHZ.

This ratio was found using the data in Figure 1.

Once we have estimated the relative arrival times between two stations for a given event we

compute their relative t∗ value. This is done by computing power spectra via the modified Welch

method. For this we use a 10% Hanning window with 300 samples for each window and with 200

samples of overlap. We then use (5.2) to estimate the relative spectral content between the two

stations. That is we take the natural logarithm of the ratio of the two power spectra divide by the

−π f , where f is the frequency vector and compute a best fit line, in the L2-sense between 0.5 Hz

and 1 Hz (Figure 2).
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F 3. Absolute Arrival Times as a function of epicentral distance. The minimal

deviations from a linear trend indicate the method estimates arrival times with a high

degree of precision.

The robustness of our method can be seen by our ability to reconstruct relative travel time curves

for a given event (Figure 3) and the independence of t∗ with distance from a given event (Figure

4).

7. C

We have presented a short review of modeling seismic attenuation as well as developed a new

method for measuring body-wave attenuation on a dense array. As has been discussed exten-

sively in the literature (e.g. [AR02] and [DT98]) we may model seismic attenuation by way of a

viscoelastic material. This leads us to the notion of seismic phases having a non-real velocities.

Using this formalism we may develop the notion of t∗, which can be thought of as a complex arrival

time by simplifying (2.3).

Using t∗ we then developed a new method for estimating Q for a given seismic phase which

avoids the need to use synthetics by removing the source contribution. In order to avoid geometrical

spreading contributions as well as attenuation from complicated phases we restricted our method

to events that were between 30 and 80 degrees away and we only used stations with 300 km of

one another. To avoid using data contaminated by noise we used only measurements that had a

normalized correlation value of at least 0.9.
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F 4. t∗ measurements as a function of epicentral distance.

We see that by using relative attenuation methods we are able to use a less restricted data set

because we no longer are limited to estimating t∗ by way of a isolated phase windows [BS04]. We

also see that our method avoids using any sort of synthetic [TSN09]. However, we should point

out that our method did use independent t and t∗ measurements. In order to avoid this one may

generalize the theory to relative Generalized Seismological Data Functionals (GSDF) as described

in [GJ92]. To do this one would fit relative Gaussian wavelet windows to the cross-correlations.

However, you would replace the reference cross-correlation with the auto-correlation. In this way

it becomes possible to measure the relative arrival and relative t∗ using a frequency-dependent

approach.

Finally, we note that our method for measuring t∗ did not show any dependence on the distance

to the station, produced values to similar studies [BS04], and allowed for us to reconstruct array

relative arrival times.
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