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1. Introduction
The basis of engineering seismology is the need to quantify how a given structure will respond to
complex ground motions. The structure’s response is determined by its mass and stiffness distributions.
For example, stiff buildings will experience low accelerations relative to the ground. Tall buildings tend
to accelerate away from ground motions, resulting in low absolute accelerations, where absolute
acceleration is the sum of the building’s movement relative to the ground and the ground acceleration.
Inhomogeneity within the building may cause twisting (de Silva 2005).
Italian engineers began tackling the issue of earthquake response in structural design after the 1908
Reggio Calabria earthquake, which, in conjunction with a tsunami, claimed nearly 100,000 lives. They
used a static approach and Danusso, in 1909, suggested that buildings ought to “follow docile the shaking
action, not opposing it stiffly.” He used acoustic theory to represent building response as the
superposition of n pendulums. His work, however, was not widespread (Trifunac and Todorovska, 2008).
The response spectrum method (RSM) was introduced in 1932 in the doctoral dissertation of Maurice
Anthony Biot at Caltech. It is an approach to finding earthquake response of structures using waves or
vibrational mode shapes. The mathematical principles of oscillations in n-degree-of-freedom systems
were taken largely from the theories of acoustics developed by Rayleigh. Biot stated “…[a] building…has
a certain number of so called normal modes of vibration, and to each of them corresponds a certain
frequency.” Biot utilized the Fourier amplitude spectrum to find the maximum amplitude of motion of a
system: the sum of amplitudes for each separate mode of oscillation (Trifunac and Todorovska, 2008).
The concept of the “response spectrum” was applied in design requirements in the mid 20th Century, for
example in building codes in the state of California (Hudson, 1956; Trifunac and Todorovska, 2008). It
came into widespread use as the primary theoretical tool in earthquake engineering in the 1970s when
strong-motion accelerograph data became widely available (Trifunac and Todorovska, 2008).
Using a mathematical model of a building, for example with given masses, stiffness values, and
dimensions for each storey, earthquake acceleration records can be applied to evaluate how the given
structure behaves (Clough, 1962). System response is represented as the linear superposition of singledegree-of-freedom systems for various mode shapes and corresponding natural frequencies (Trifunac and
Todorovska, 2008).
2. Derivation
The system used for analysis consists of a mass, m, spring with constant k, and dashpot with viscous
damping constant, c (with units of force x time per length) (Figure 1).

1

Figure 1: Simple damped mass -spring system with forcing function z(t)

The system responds to a ground displacement z(t) with absolute displacement y(t). Given the ground
motion, or input, the response of the system can be determined using Newton’s second law (de Silva,
2005):
m(˙y˙ + ˙z˙) = −ky − c˙y

(1)

c
or using natural, undamped, radial frequency, ω , and damping ratio, ξ =
:
2 km
€
€

y˙˙ + 2ξωy˙ + ω 2 y = −˙z˙

(2)

€
If ˙z˙ = 0 , this is the unforced, homogeneous equation of motion (de Silva, 2005). The free response of a
damped simple oscillator is
€

y = Ce λt

€

(3)

Considering the homogeneous situation and substituting (3) into (2) provides

€

€

( λ2 + 2ξωλ + ω 2 )Ce λt = 0

(4)

which depends only on the characteristics of the mass-spring system, not the excitation. The roots, λ1 and
λ2 are the eigenvalues, or poles, of the system and define the frequencies of vibration. Modal shapes are
€
defined by the eigenvectors (Trifunac and Todorovska, 2008; Clough, 1962). A system’s linear response
(i.e. without brittle deformation) to excitation is a linear combination of modal vibrations and failure is
€
more likely if resonance occurs. Modal vibrations are due to naturally preferred configurations (and
associated frequencies). Nontrivial solutions for the n-dimensional form of (4) exist when the
determinant is equal to zero (Trifunac and Todorovska, 2008). For the underdamped system ( ξ < 1) the
eigenvalues in (4) are

λ = −ξω ± j 1− ξ 2 ω

€ (5)

Substituting ω d = 1− ξ 2 ω , known as the damped natural frequency, and taking the general form of (3)
gives a response
€
y = e−ξωt [C1e jω d t + C2e− jω d t ]

€

(6)
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Knowing that complex exponentials can be expressed in terms of sines and cosines and assigning
constants A1 = C1 + C2 and A2 = j (C1 − C2 ) (de Silva 2005), (6) can be rewritten as
(7)

y = e−ξωt [ A1 cos(ω d t) + A2 sin(ω d t)]
€
€
In terms of initial position and velocity, x 0 and v 0 ,

€

A1 = x 0 and A2 =
€

€

v 0 + ξωx 0
ωd

(8)

For A = A12 + A22 , (7) can be written in the form
€
€
y = Ae−ξωt sin(ω d t + φ )
€

€

with sin φ =

(9)

A1

. When there is forcing input, as with an earthquake, the equation becomes
A12 + A22
€
nonhomogeneous and the solution is a sum of the homogeneous solution and the particular integral for the
equation of motion in (2). The behavior can be studied in either the time domain or the frequency domain
(de Silva 2005). For a physical system with an input z(t) at time t = τ ,
y(t − τ ) = z(t − τ ) = 0

for t < τ

(10)

€
where y is the total response of the system. h(t − τ ) will be taken as the delayed response. An arbitrary
input z can be divided into a series of pulses with magnitude z(τ )Δτ and width Δτ . In a linear system
€
€ total response is
with constant parameters, the
€

t

y = ∑ h(t − τ )z(€τ )Δτ

€

(11)

τ=0

and taking the limit as Δτ → 0 gives the convolution integral,

€

y(t) =

∫

t
0

h(t − τ )z(τ )dτ

(12)

€
This is the final solution for (2). Substituting (9) for h and making the appropriate substitutions for terms
of ω and ξ , the absolute acceleration of the system takes the form of the Duhamel integral equation
€
(Clough, 1962):
t

€

€

˙y˙ = ω ∫ ˙z˙(t)e−ωξ (t−τ ) sin ω (t − τ )dτ
0

(13)

This is using the assumption of small damping, ξ < 0.2 so that 1− ξ 2 ≈ 1 (Hudson, 1956).
straightforward to find comparable
expressions for velocity and displacement.
€

It is

Of interest in response spectrum analysis is the maximum displacement, velocity, or acceleration and a
€ natural, undamped
€
plot of any of those maximum values versus
frequency is considered the response
spectrum (de Silva, 2005; Hudson, 1956) (Figure 2(a)). The maximum value of the integral in (13) will
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be denoted Sv , which is termed the spectral velocity (Clough, 1962). The maximum values for relative
displacement, relative velocity, and absolute acceleration of the system are thus, respectively,

1
Sv
ω
( y˙ − z˙) max = Sv
y˙˙max = ωSv

(y − z) max =

€

(14)

€
€
The importance of Sv is apparent,
as it is proportional to the maximum energy per unit mass,
€

€

E 1 2
= Sv
m 2

(15)

and because relative displacement, given in (14), is proportional to the strains within a system. The easiest
measurement to make in a moving structure is its absolute acceleration so the calculated maximum
acceleration of the system,€also given in (14), can be compared with empirical results (Hudson, 1956).
For design purposes, an envelope of spectra for varying earthquakes is determined (de Silva, 2005).

Figure 2: (a) example of a relative velocity response spectrum for various damping ratios (from Hudson, 1956), (b)
Acceleration response spectrum for El Centro 1940 earthquake and a range of damping ratios between 0-20%
(Modified from de Silva, 2005)
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Given a ground acceleration or ground motion record, the integral in (13) must be evaluated for various
values of ω and ξ (Hudson, 1956). However, for design purposes, calculation of the Duhmel integral is
not always necessary. Often, the spectral response for a range of periods is available for a local historical
earthquake (Clough 1962) or, based on the seismic history of an area, an acceleration spectrum envelope
is developed for use in structural design. Figure 2(b) shows the acceleration response spectra calculated
€
for the €
El Centro 1940 earthquake for various damping values.
3. Superpositon of Response Spectra
The above derivation is for a single-degree-of-freedom system, which is not the case for a complex
system such as building response during an earthquake. Luckily, linearly behaving, multiple-degree-offreedom systems can be analyzed using superposition of single-degree-of-freedom systems for different
modes of vibration (Trifunac and Todorovska, 2008). The process involves determining the dynamic
properties of the system (including its mode shapes), calculating the dynamic response for each mode, and
superposing to estimate total response (Clough, 1962). For mode i, (2) becomes
L
Y˙˙i + 2ξiω iY˙i + ω i2Yi = i ˙z˙
Mi

(16)

Li
is called the participation factor for that mode; M i is the effective mass and Li is termed the ‘effective
Mi
€
earthquake mass’. For a two-dimensional structure moving in one direction,
€

€

Li
=
Mi

n

∑φ m
ij

€
j

j=1
n

(17)

∑φ m
2
ij

j

j=1

€

with φ ij describing the displacement of the jth mass due to the ith mode (de Silva, 2005). The fact that
modal maxima do not occur€simultaneously must be accounted for because the overestimation from basic
superposition may be large (Clough, 1962). Early attempts to do this included using the root-mean-square
sum of responses for multiple modes:
y max ≅ y12 + y 22 + y 32 + ...

(18)

Generally, the first mode contributes foremost to the system’s response and the participation factors for
higher modes (17) are small. However, higher modes play a larger role for taller structures (Clough,
1962). Some approaches €to improve superposition methods include finding a lower bound on true
maximum response, weighting the effects of modes higher than the first, or using the square-root-sum-ofsquares (SRSS) method for finding a probabilistic maximum (Joshi and Gupta, 1998). For weighting
higher modes, it is simplest to determine weighting factors empirically (Clough, 1962).
Most superposition methods assume that the input forcing is white noise, though some strong-motion
earthquake movements cover a narrow frequency band. If (16) is solved using the Duhamel integral,
information such as displacement, shear force, and bending moment at level i can be computed for the
given forcing function. A few modal superposition approaches to find the temporal response of each
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mass, rj (t) , to simultaneously occurring modes are discussed briefly below. Many methods take the
general form (Joshi and Gupta, 1998):

€

rj (t) max

⎡ n n
⎤
= ⎢∑ ∑ φ jiφ jk SDi ρ ik SDk ⎥
⎣ i=1 k=1
⎦

1

2

(19)

where SDi is the relative displacement spectrum amplitude for the ith mode - see (14) - and ρ ik is the
cross-correlation coefficient between the ith and kth modal responses ( yˆ i and yˆ k ). There are multiple
€
proposed methods for determining ρ ik that are beyond the scope of this discussion. Another possible
modal combination method developed by Singh and Chu uses the power spectral density function of
€
€
ground acceleration (Joshi and Gupta, 1998):
€
€
€
1
⎡ n n
⎛
⎞⎤ 2
Cik
2
2
(20)
rj (t) max = ⎢∑ ∑ φ jiφ jk ⎜ Bik SDi + 2 SVi ⎟⎥
ωi
⎝
⎠⎦
⎣ i=1 k=1

€

where SDi and SVi are relative displacement and relative velocity spectrum amplitudes. C and B depend
on damping ratio, ξ , and φ ij . One underlying assumption in the method of Singh and Chu is that SDi and
€
SVi for various modes are equal to peak responses for the total structure. Thus, Gupta and Trifunac
€ proposed
€ a statistical approach using the power spectra density function, Gr j (ω ) , of the response, rj (t) :
€
€
€
2
⎡ n n
⎤
⎛
⎞
2
ω
(21)
Gr j (ω ) = ⎢∑ ∑ φ jiφ jk ⎜ Bik + 2 Cik ⎟G(ω ) H˜ (ω ) ⎥
ωi
⎝
⎠
€
⎣ i=1 k=1
⎦
€
where H˜ (ω ) is a transient transfer function dependent on frequency, ω , damping ratio, ξ , and white-noise
duration (Joshi and Gupta, 1998).
€
Joshi and Gupta (1998) tested the predicted versus actual displacement,
shear force, and bending moment
€
€ for a specified structure using six actual earthquake accelerograms
€ methods in (19), (20), and
using the
(21). They conclude that the probabilistic method of Gupta and Trifunac most accurately represents the
time-varying response of a multi-degree-of-freedom structure to ground motion with strong modal
interactions.
4. Example – Static Analysis
For a multi-storey building, (1) takes the form
M˙y˙ + C˙y + Ky = −MI˙z˙(t)

(18)

with M, the diagonal matrix of masses centered at each building storey, C, the corresponding damping
constants, and K, the stiffness matrix. The right-hand side is the forcing function (Clough, 1962; Joshi
and Gupta, 1998). K takes the form:
€

6

⎡−ez1k y1
ez1k y1
⎢
e k
−e k − e k
[K yt ] = ⎢⎢ z1 y1 z1 y1O z 2 y 2
⎢
0
⎣ 0

⎤
0
0
⎥
−ez2 k y 2
0
⎥
⎥
O
⎥
ez,n−1ky,n−1 −ez,n−1k y,n−1 − ez,n ky,n ⎦

(19)

where e defines the eccentricity between the center of mass and center of resistance (Joshi and Gupta,
1998). Following an example by Austin (1996), the response of the building in Figure 3(a) is determined
€ an acceleration response spectrum (Figure 3(b)) and setting e=-2. Damping is accounted for in
assuming
the magnitude of the acceleration response.

Figure 3: (a) Schematic for building with mass at floor levels, rigid floor beams, and axially rigid columns, (b) Assumed
acceleration response spectrum for arbitrary damping with points indicating the first 3 modes of the building

To determine modal frequencies for the first n modes of the structure, it is necessary to find the first n
eigenvalues and eigenvectors for M and K such that [K][V ] = [M][V ][D] . Corresponding periods, T, are
2π
then T =
. The shapes of the modes at each storey are the product of the eigenvectors and
diag(D)
eigenvalues: [V ][D] (Austin, 1996).
€

€

The maximum displacements, U, at each storey for each mode can be found using the generalized mass,
stiffness, and loading matrices:
€

MG = [V ]T [M][V ]
KG = [V ]T [K][V ]
LG = [V ]T [M][1]
⎧ L
S ⎫
U = [V ]⎨ G • ⎬
⎩ MG D ⎭

(20)

and the results are plotted in Figure 4. The product of stiffness and modal displacement gives inertial
forces. The maximum likely and maximum possible basal shear force is found using the sum of inertial
€
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forces over the height of the structure and the maximum likely and maximum possible overturning
moments are the inertia forces at each storey multiplied by their corresponding distances from the base
(Austin, 1996).

Figure 4: Lateral displacements for the first three modes and given spectral acceleration

It is apparent in Figure 4 that the first mode contributes the most to displacements associated with strong
ground motion. Knowing the response of this first mode is key to structural design in earthquake-prone
areas. In this simplified equivalent static analysis, temporal variations are neglected and only the
maximum possible responses are considered.
5. Applications and Conclusions
The response spectrum involves simplifying assumptions; however, it can yield important information
such as the effects of varying damping (though this can be a difficult parameter to determine).
Additionally, response spectrum analysis errs on the side of safety since the maximum values of response
are represented. Even more complex analyses of dynamic responses rely on calculation of the response
spectrum (Hudson, 1956). Compared to the example of static analysis presented here, performing
response analysis in the frequency domain preserves phase information.
Seismic design is usually based on a moderate-sized earthquake for a given site and damage limit.
Because earthquake motions are random and dependent on factors such as local soil conditions and
distance from the source, it is most practical to develop a smooth envelope of spectra for a range of
expected earthquakes in a locale (deSilva, 2005). Structural response to a range of earthquakes can then
be easily analyzed without evaluation of the Duhamel Integral in (13). The United States Geological
Survey, as part of its ShakeMap program, creates spectra response maps for damped oscillators subject to
earthquakes with magnitudes larger than 5.5 for T = 0.3, 1.0, and 3.0 seconds. The Uniform Building
Code (UBC) uses this to define the “design spectra” for a given building code. (ShakeMap Scientific
Background, 2011). Codes including the UBC and Eurocode 8 provide envelope spectra for engineers to
apply to structure design (de Silva 2005).
Of course the final goal of using a method such as response spectrum analysis is to design mechanisms
that actively or passively absorb energy associated with an earthquake. For example, seismic isolation
involves mounting a building on bearings with low horizontal stiffness, thus increasing the natural
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vibration frequency and reducing acceleration (de Silva, 2005). At the time of Biot’s Ph.D. defense, it
was being debated whether a building should be rigid or move with ground motions (Trifunac and
Todorovska, 2008). It is now recognized that ductility – the ability to achieve motion beyond the elastic
limit without brittle failure (including buckling or shearing) – is key for building resilience (de Silva,
2005).
When considering a linear, elastic system that oscillates in response to a forcing function, response
spectrum analysis provides key information for real-world applications, and has, in spite of many
underlying assumptions, remained the primary tool in engineering seismology. With advances in
computational capabilities, more detailed analyses that consider temporal modal interactions via
superposition have become possible. Methods are even being developed to evaluate systems after they
enter the non-linear regime. It is possible that such complex analyses will one day proliferate in building
codes and structural design, but even these assessments rely on response spectrum theory.
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