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Introduction

Generally,  velocity  increases  with  depth  in  the  Earth.  They  are  related  by  the 

equations 1 and 2 below, where X(p) and T(p) are the surface source to surface receiver 

distances and times respectively. These are also shown in Figure 1 below. 
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Figure 1: One layer with velocity increasing with depth. Ray turning at a depth Z(p), and 
coming back up to the surface a distance X(p) away from its starting point. (Aki and  
Richards, 2002).

where u is the slowness u=1/v and 

p=usin=
 t
 x

(3)

is the ray parameter. The ray parameter is the apparent slowness of the wavefront in the 

horizontal direction and is therefore sometimes referred to as the horizontal slowness. If 



one layer is considered where velocity increases linearly with depth, rays will eventually 

be completely turned within a layer, as is seen in Figure 1.  From equation 3, it can be seen 

that as p increases, the horizontal distance X(p) and turning depth Z(p) will decrease. At 

the exact turning point, where depth is equal to Z(p), the angle θ must therefore be equal to 

90°. Thus, at the turning point, the ray parameter p is equal to the slowness u. 

          Now a multi-layered Earth will be considered, again where each layer has velocity  

increasing linearly with depth. However, one of the layers has a significant increase in 

velocity at the boundary between the two layers. This results in ray paths that look more 

like Figure 2 below. 

Figure 2: Top: Raypaths going through a multi-layered Earth, where each layer has  
increasing velocity with depth. Rays encounter a layer with a large velocity jump and 
begin to turn back up towards the surface. Bottom: Resulting travel time plot showing  
triplication. (Aki and Richards, 2002). 



Before the rays enter the high velocity zone: dX/dp < 0, which means that as distance 

increases,  the  ray parameter  decreases  so that  the rays  travel  with a  prograde  motion. 

When the rays enter that layer of higher velocities, they will begin to turn back up to the 

surface before they would have otherwise. From Figure 2, it can be seen that the rays that 

enter this high velocity area have shorter horizontal X distances than many of the rays that 

do not enter this high velocity layer despite having larger values of theta. Thus, within the 

higher velocity layer, dX/dp > 0, so that as horizontal distance increases, the ray parameter 

also increases, resulting in a retrograde motion. This results in triplications, as rays that 

travel along different raypaths, taking different amounts of time, can potentially have the 

same value of X(p), and T(X) thus multivalued (Fig. 2). The end points of the triplications 

are called caustics and occur where dX/dp = 0. Energy is focused at these points since rays 

of multiple takeoff angles arrive at the same point. As seismic data is recorded as values of 

T(X),  solving  for  the  inverse  problem would  pose  a  challenge  as  the  solution  is  non-

unique. 

The τ(p) method

          This method was developed in an effort to remove the effects of triplications and 

derive  a  linear  relationship  between  the  horizontal  distance  and  the  travel-time.  It  is 

therefore found that

τ(p) = T(p) – pX(p) (4)

where τ(p) is the delay time, and is calculated by:



τ  p =2∫
0

zp

u2  z − p2 dz (5)

Equation 4 does not rely on T(X) and is thus linear. Plotting equation 4 results in Figure 3 

below. 

Figure 3: Plot of equation 4. If p is the slope of the T-X plot, then τ is the T intercept at  
X=0. (Shearer, 1999). 

Taking the derivative of τ with respect to p results in 

dτ
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0

zp

dz
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=−X  p (6)

which is significant as it means that the derivative of the  τ-p plot is always negative. An 

example  τ-p plot is shown in Figure 4, which shows that the triplication is 'unraveled' but 

can still suggest the locations of the prograding and retrograding sections of the T-X plot. 



The τ(p) inversion method

          From equation 6, if the limits of integration are taken from u0 to utp at the turning 

point, we get the following equation:
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Integrating equation 7 by parts yields the following equation: 
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z u  dz (8)

which represents a linear relationship between  τ(p) and z(u). This linear relationship is 

what allows the  τ-p method to be so useful as an  inversion technique. 

          Also from equation 4, we can see that a point in the distance-time domain would 

result in a line in the  τ-p domain. As seismic data is recorded as a set of discrete distance-

time points, the resulting  τ-p plot would be a series of curve, as is seen in Figure 5. 

Figure 4: Comparison between distance-time plot on the left, with its corresponding  τ-p  
plot on the right. (Shearer, 1999). 



Figure 5: Graphs (left and center) illustrating that a point in the distance-time domain is a  
point on the τ-p domain and vice-versa. Graph on right shows a series of curves in the τ-p  
domain that originated from several distance-time values. (Shearer, 1999).

          Unfortunately, this results in a range of solutions for the τ(p) curve. There are 2 main 

methods used to solve for the best  τ(p) curve. The first was developed by Bessonova et al., 

(1974),  which  solves  for  an  envelope  of  appropriate  τ(p)  values,  instead  of  one  exact 

solution. Another method is called a slant stack, where each τ(p) point is summed along its 

corresponding line in the distance-time domain. A large advantage of using this method 

that it enhances the signal-to-noise ratio of the data. 

Figure 6: Record section in the distance-time domain, and its corresponding slant stack in  
the τ-p domain. A point in the τ(p) domain is a line in the T-X domain. (Shearer, 1999). 



Uses of    τ(p) and τ(p) inversions  

This method is mainly used to derive travel-time and ray path information from 

teleseismic earthquakes. It is therefore, very useful in enhancing our knowledge of Earth 

structure. In the oil and gas industry,  τ(p) inversions are sometimes preferred over other 

methods such as turning-wave tomography, which tend to be more sensitive to the starting 

model. Since the  τ(p) inversion method does not require a starting model, this is especially 

useful when working in an area for the first time. 

The  τ(p) method tends to be used as the first step in a multi-step solution to a 

problem. For example, Pye (2005) analyzed multi-channel marine seismic data collected 

over the East Pacific Rise and used the  τ(p) method in order to separate arrivals in order to 

then perform other inversion techniques.  Likewise, Dietrich et. al., (1988)  also used the 

τ(p) method to create a slant stack on a large marine dataset from offshore Norway in order 

to remove noise and geometric spreading. Zollo et al., (1998) adapted the  τ(p) method to 

be used for a spherically concentric medium in order to better  mimic Mount Vesuvius. 

They derived  1D velocity models for 4 controlled-source seismic data profiles that had 

been collected  on the  volcano,  and used these models  as  their  starting  models  for  2D 

seismic tomography. 

Conclusions

This method is very ingenious as it is able to linearizes an originally non-linear 

system,  thereby  enabling  inversions.  However,  there  are  several  weaknesses  with  the 



method.  Firstly,  if  the  data  must  be  converted  back  to  the  distance-time  domain,  the 

problem  of  triplications  and  non-unique  solutions  still  exists.  However,  using  the 

information gathered during the work in the  τ-p domain, it is usually possible through 

forward modeling, to deduce the correct velocity structure.

Another  weakness  with  the   τ(p)  method is  with  the  choice  of  the  envelopes  used  to 

determine the best  τ(p) curves. This is usually very subjective, and depends largely on the 

quality of the data, as well as on  noise and other factors. 
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