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Abstract

We derive displacement equations for Rayleigh and Love waves in sim-
ple structural models for point sources in order to better understand
source effects on their wavefields and radiation patterns. In doing so,
we analytically demonstrate the existence of surface waves in these Earth
models. Rayleigh and Love wave radiation patterns are found to mimic the
P and SH radiation patterns, respectively. However, they differ markedly
from their body wave counterparts in their amplitudes’ dependence on
source depth and in their spreading geometry.

1 Introduction

Surface waves provide many opportunities for inversion of seismic source char-
acteristics and geophysical properties along propagation paths, such as calcula-
tions of earthquake magnitudes and surface wave tomography. Proper analysis
of surface waves often requires an understanding of source effects. This paper
will explain the derivation of surface wave displacement as a function of source
parameters and their orientation relative to the receiver azimuth.

Point source mechanisms can be described as superpositions of single forces
and, when sources consist solely of force couples and conserve momentum, by a
moment tensor. When the source creates no net torque as well as no net force,
as required for an indigenous source, the moment tensor is symmetric. The
formula for the moment tensor of a fracture is

Mij =

 Mxx Mxy Mxz

Myx Myy Myz

Mzx Mzy Mzz

 = λνkukδij + µ(νiuj + νjui)

where ν̂ is the pole to the fracture and u is the source displacement [Aster, 2011].
The Green’s function for the x̂i direction of displacement for an impulsive

force at time τ in the x̂j direction in a homogeneous whole space is

Gij =
(3γiγj − δij)

4πρ|x|3

∫ |x|/β
|x|/α

τδ(t−τ)dτ+
γiγj

4πρα2|x|
δ(t−|x|/α)+

(γiγj − δij)
4πρβ2|x|

δ(t−|x|/β)

where x is the vector from the source to the receiver and γi is the cosine of the
angle between the x̂i direction and x.
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Since the moment tensor is simply the coefficients for a set of force couples,
and the Green’s function of a force couple is simply the spatial derivative of
that of a single force, we may define the displacement in a homogeneous whole
space as

un = Mij ∗Gni,j .

While interesting in theory, this equation is useless for predicting surface
wave displacement (because homogeneous whole spaces have no surfaces!) We
will need a more general method to describe the complications induced by the
addition of a free surface.

We are also interested in the initial wavefield produced from a point source.
A laterally homogeneous Earth will preserve the horizontal wavenumber com-
position of an initial wavefield, and since only waves of particular wavenumbers
(which must be evanescent at or near the surface, and therefore typically are
at the source depth as well) can form surface waves, we will at least want to
demonstrate that these waves will be present. Consider a point source in an
infinite whole space radiating a spherical wavefront such that

∂2φ

∂t2
− c2∇2φ = 4πc2δ(x)e−iωt.

An obvious (but unsatisfying) solution is

φ(x, t) =
1

|x|
eiω(

|x|
c −t).

For our purposes, we will find it more useful to represent the spherical wave using
a basis of cylindrical waves. Defining r = (x21 + x22)0.5, z = x3, the horizontal
wavenumber k = r

|x|
ω
c , and the vertical wavenumber ν = (ωc

2 − k2)0.5,

φ(x, t) =

∫ ∞
0

kJ0(kr)e−ν|z|

ν
dk

where J0(kr) is the 0-order Bessel function [Aki and Richards, 1980]. It is note-
worthy that k varies from 0 to∞ in this integral, and since ν is imaginary when
k > ω/c and the integrand does not generally become zero for that range of
k, that evanescent waves are included in this wavefield propagating away from
the source. Therefore, they will be present in the wavefield incident on the free
surface, and surface waves may form.

As we are representing our wavefield in a basis of cylindrical waves, it will
be convenient to work in cylindrical coordinates. We therefore introduce the
coordinate system (z, r, θ) such that x1 = rcosθ, x2 = rsinθ, and x3 = z, and
the corresponding cylindrical harmonics

Rmk (r, θ) = ẑY mk (r, θ)

Smk (r, θ) =
1

k
∇cY mk (r, θ)

Tmk (r, θ) = −ẑ × Smk (r, θ)
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where Y mk (r, θ) = Jm(kr)eimθ, ∇c is the cylindrical Del operator ( ∂∂r ,
1
r
∂
∂θ , 0),

and m is the angular order. Additionally, |m| is the number of nodal planes
in the source’s radiation pattern, and is limited for moment tensor sources by
|m| ≤ 2 [Kennett, 2001].

We have now established the failure of basic methods to predict surface
wave displacements and therefore the necessity of more advanced methods, the
presence of the necessary waves in the wavefield, and a convenient coordinate
system with which to approach the problem.

2 Derivation

Adapting portions of the explanation in chapter five of [Ben-Menahem and Singh, 1981],
we decompose a wavefield emanating from a point source at depth h into cylin-
drical wave components as

u(r, θ, z) =

∫ ∞
0

k[Umk (z)Rmk (r, θ) + Vm(z)Smk (r, θ) +Wm(z)Tmk (r, θ)]dk

where U , V , and W are coefficients of the eigenfunctions R, S, and T . Note that
using the Einstein index convention, we must sum over permitted values of m
(|m| ≤ 2). Since both P and SV waves contribute to motion in the directions of
R and S, we may decompose our coefficients for solutions of the wave equation
into

Umk (z) = −imναεm+1e−να|z+h| + jmkε
m+1e−νβ |z+h|

V mk (z) = imkε
me−να|z+h| − jmνβεme−νβ |z+h|

Wm
k (z) = kmkβε

me−νβ |z+h|

where im, jm, and km are source coefficients of the P, SV, and SH waves (and
are themselves functions of the various directional wavenumbers, m, and θ),
kα = ω/α, kβ = ω/β, να = (k2 − ω2/α2)0.5, νβ = (k2 − ω2/β2)0.5, and

ε =

{
1, z + h > 0
−1, z + h < 0

.

A simple example is the case of a point compression. Since the source is purely
compressional and isotropic (and having no nodal planes), the only nonzero
coefficient in this system is

i0 = − M

4π(λ+ 2µ)να

where, with p0 representing the source pressure and a representing the source
radius,

M = πa3p0(
α2

β

2

).
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So, for this simple source,

u(r, θ, z) =

∫ ∞
0

k[−imναεm+1e−nua|z+h|Rmk (r, θ) + imkε
me−να|z+h|Smk (r, θ)]dk.

(1)
In general, multiple coefficients will be nonzero, and the equations will be more
complicated. For example, for a vertical strike-slip fault,

i2 = − k2

kβνα
sin(2θ)

U0dS

4πkβ
, (2)

j2 = − k

kβ
sin(2θ)

U0dS

4πkβ
, (3)

k2 =
k

νβ
cos(2θ)

U0dS

4πkβ
, (4)

where U0 and dS are the slip and area of the fault.
However, we have still not accounted for the effect of the free surface. This

will require us to superpose our incident waves with reflected waves such that
the traction on the plane normal to the ẑ vector at z = 0 becomes zero. Without
writing out this straightforward but lengthy derivation, we have

u(r, θ, z) =

∫ ∞
0

k[Umk (z)Rmk (r, θ) + Vm(z)Smk (r, θ) +Wm(z)Tmk (r, θ)]dk

with our coefficients now set to

Umk (z) = ναim[−(εm+1)e−να|z+h| − R+(k)

R(k)
e−να(h−z) +

4k2(2k2 − k2β)

R(k)
e−ναh+νβz]

(5)

+ kjm[εm+1e−νβ |z+h| − R+(k)

R(k)
e−νβ(h−z) +

4νανβ(2k2 − k2β)

R(k)
e−νβh+ναz],

(6)

V mk (z) = kim[εme−να|z+h| − R+(k)

R(k)
e−νβ(h−z) +

4νανβ(2k2 − k2b )

R(k)
e−ναh+νβz]

(7)

+ νβjm[−(εm)e−νβ |z+h| − R+(k)

R(k)
e−νβ(h−z) +

4k2(2k2 − k2β)

R(k)
e−νβh+ναz],

(8)

Wm
k (z) = kβkm[εme−νβ |z+h| − e−νβ(h−z)], (9)

(10)

and with

R(k) = (2k2 − k2β)2 − 4k2νανβ

R+(k) = (2k2 − k2β)2 + 4k2νανβ .
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This integral includes displacement from all waves, but we only care about
surface waves. Three substitutions will allow us to rewrite the above mess into
a more compact form. We use the identity

2
dJm(x)

dx
= Jm−1(x)− Jm+1(x)

which simplifies each integral to

Im =

∫ ∞
0

Jm(kr)
F (k)

R(k)
dk(m = 0, 1, 2, 3) (11)

where we rewrite the k-dependent terms as F (k)/R(k). Then, we can substitute
combinations of Hankel functions for the Bessel function:

Jm(kr) =
1

2
[H(2)

m (kr) +H(1)
m (kr)],H(1)

m (−kr) = (−1)m+1H(2)
m (kr),

leaving us with

Im =
1

2

∫ ∞
0

H(2)
m (kr)

F (k)

R(k)
dk.

By inspection, we see that this integral will have poles where R(k) = 0.
From earlier, we have R(k) = (2k2− k2β)2− 4k2νανβ . If we define γ = k/kβ , we
may factor out the k and kβ terms and be left with

0 = (2γ2 − 1)2 − 4γ2(γ2 − 1)0.5(γ2 − β2/α2)0.5

which is equivalent to the Rayleigh wave equation. So, the wavenumbers of
Rayleigh waves constitute poles of the wavenumber integral, and so feature
prominently in its solution.

We may then calculate the contribution of the Rayleigh pole (k = kr) as the
following:

Ir = −πi
√

2√
πkrr

e−i(krr−
πm
2 −

π
4 ) F (kr)

k3βG(γ)

where

G(γ) = 2
4γ2 − 1− 8γ6(1− β2/α2)

γ(2γ2 − 1)2
.

For example, the vertical Rayleigh wave displacement for the vertical strike-
slip fault in (2) is

uRz =
U0dS√

2πr
sin(2θ)k

3
2

R

γ(2γ2 − 1)

G(γ)
[e−γαkRh − (1− c2R

2β2
)e−γβkRh]ei(ωt−kRr−

pi
4 ).

Love waves will, of course, not propagate in the homogeneous half-space
we’ve been working in. However, we may simply add a layer of thicknessH above
our existing half-space to accommodate them. So, our displacement equations
must include waves reflected off both the surface and the half-space. We again
present the example of a vertical strike-slip fault:
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uθ =

{
−U0dS

2π cos(2θ) ∂∂r
∫∞
0
J2(kr)A

+(k,h,H)
L(k,H)

kdk
ν1β

, h < H
−U0dS
π (µ2

µ1
)cos(2θ) ∂∂r

∫∞
0
J2(kr)e−ν2β(h−H) kdk

L(k,H) , h > H

where

ν1β = (k2 − ω2

β2
1

)
1
2 ,

ν2β = (k2 − ω2

β2
2

)
1
2 ,

L(k,H) = (ν1β +
µ2

µ1
ν2β)eHν1β − (ν1β −

µ2

µ1
ν2β)e−Hν1β ,

A+(k, h,H) = (ν1β +
µ2

µ1
ν2β)e(H − h)ν1β + (ν1β −

µ2

µ1
ν2β)e−(H−h)ν1β .

Note that ur and uz have zero (or approximately zero) amplitude, as would be
expected for the SH system.

The integral above has poles when L(k,H) = 0. Conveniently, solving for
roots of L(k,H) leads to the Love wave dispersion equation:

tan(H
√
k2β1 − k2L) =

µ2

µ1
(
k2L − k2β2
k2β1 − k2L

)
1
2 ,

where

kL =
ω

cL(ω)
,

kβ1 =
ω

β1

kβ2 =
ω

β2
.

At this point, a series of tedious and not especially illuminating calculations are
required to derive explicit equations for Love wave displacements, which we will
skip for the sake of discussing what we have derived.

3 Discussion

We have derived a multitude of equations at this point. Let us first consider
our Rayleigh wave vertical displacement function for a vertical strike-slip fault
buried at depth h (2):

uRz =
U0dS√

2πr
sin(2θ)k

3
2

R

γ(2γ2 − 1)

G(γ)
[e−γαkRh − (1− c2R

2β2
)e−γβkRh]ei(ωt−kRr−

pi
4 ).

We can immediately spot two source effects: those of receiver azimuth (via
the sin(2θ) term) and depth (from the e−γαkrh and e−γβkRh terms.) The az-
imuth dependence mirrors the P wave radiation pattern of such a fault (which
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consists of two nodal planes intersecting in the ẑ axis.) This is reasonable, as
Rayleigh waves are simply combinations of particular P and SV waves captured
by the free surface. Many other radiation patterns can be created by different
source mechanisms, including ones with zero or one nodal plane and superpo-
sitions of those with each other and with two-nodal plane radiation patterns
like this one. For example, a thrust fault would superpose an isotropic radi-
ation pattern over one with two nodal planes intersecting in a horizontal line
[Ben-Menahem and Singh, 1981], and an explosion would be purely isotropic
(1).

The source depth dependence, on the other hand, is nothing like the body
wave P/SV equivalent. Spherically-spreading body wave amplitudes decay with
1/r regardless of depth (and plane waves don’t decay at all). On the other hand,
these Rayleigh waves contain two terms that decay with ναh and νβh as a result
of the waves’ imaginary vertical slowness.

Like Rayleigh waves, Love waves follow the same surface radiation pattern
as their body constituent waves. Their radiation pattern is the same as that of
SH waves for the same source. This means that isotropic sources can radiate
a wavefield with no Love waves at all, while other sources that have strong
dilatational components will produce Love waves with relatively low amplitudes.
However, like Rayleigh waves, they differ from their body wave counterparts in
their dependence on depth, though Love waves are more complicated than the
Rayleigh waves in a halfspace we previously modeled:

uθ =

{
−U0dS

2π cos(2θ) ∂∂r
∫∞
0
J2(kr)A

+(k,h,H)
L(k,H)

kdk
ν1β

, h < H
−U0dS
π (µ2

µ1
)cos(2θ) ∂∂r

∫∞
0
J2(kr)e−ν2β(h−H) kdk

L(k,H) , h > H

If the source depth is above the halfspace-layer boundary, all the seismic en-
ergy will remain in the top layer, and amplitude in the top layer will simply
spread out cylindrically as the evanescent wave in the lower halfspace decays
exponentially with depth. The amplitudes recorded by a surface observer would
remain constant as the source depth dropped until the source entered the lower
halfspace, at which point it would begin decaying exponentially. So, only below
a certain depth, Love wave amplitudes are also highly sensitive to source depth.

4 Conclusion

We have derived displacement equations for Rayleigh and Love waves emanat-
ing from point sources in simple structural models. The two wave types differ
markedly from body waves in their extreme dependence on source depth (al-
though this is only when the source depth exceeds a certain threshold for Love
waves). Additionally, they spread cylindrically, not spherically like body waves,
meaning that they typically constitute the strongest arrivals at long epicentral
distances. However, azimuthal radiation patterns are similar between each type
of surface wave and its corresponding body wave system.
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