
Theoretical Seismology (GEOP 523) Homework

1; Due 2/11/11

January 24, 2011

1) a) Show using index notation that a× b is perpendicular to both a and
b.

Hint: (a × b)i = εijkajbk, where εijk, the alternating tensor, is equal to
1 when i, j, k are in right-hand coordinate system, right-hand rule order (i.e.,
(1,2,3), (2,3,1), (3,1,2)); is equal to −1 when i, j, k are in left-hand coordinate
system, right-hand rule order; (i.e., (2,1,3), (3,2,1), (1,3,2)); and is equal to 0
otherwise (i.e., if any two indices are the same).

b) Show that |a× b| = |a||b| sin θ, where θ is the angle between a and b.
2) a) Show that the transformation matrix for a rotation about any axis

satisfies ATA = I and is thus orthogonal.
b) Show that vector length is preserved under rotation.
3) a) Show that 52u = 5(5 · u) − 5×5×u.
Hint: Use the index forms of the vector calculus operators:
(5× u)i = εijkuk,j
(5×5× u)j = εjki(εistut,s),k
(52u)i = ui,jj

5 · u = ui,i

5(5 · u)j = ui,ij

4) For the vector field
u(x, y, z) = (3x2y2 + z, 2x3y + 2y, x)
find:
a) 5 · u
b) 5× u
c) 52u
d) Find a scalar function Φ, such that

5Φ = u(x, y, z) =
(

∂Φ
∂x ,

∂Φ
∂y ,

∂Φ
∂z

)
= (3x2y2 + z, 2x3y + 2y, x)

e) How do we know in advance from earlier calculations that Φ must exist?
5) Given the following strain tensors (units of microstrain).
a) Calculate the stress tensor for an isotropic homogeneous solid parameter-

ized by the Lamé constants λ and µ.
b) Find the principal axis directions and principal strains.
c) Find the elastic strain energy per unit volume.
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ε1 =

 1 0 0
0 2 0
0 0 3

 (1)

ε2 =

 0 1 2
1 0 0
2 0 1

 (2)

ε3 =

 1 1 2
1 2 0
2 0 4

 (3)

d) Using reasonable elastic moduli for granite, how much strain energy is
stored in each case per cubic meter?

6) A crystalline core sample with a density of 3.0 g/cc is recovered from a
depth of 2 km in a rock column with an average density of 2.9 g/cc.

a) Give the stress tensor describing the stress environment necessary to recre-
ate the in situ isotropic stress conditions for this sample.

It is found, after in situ isotropic stress has been applied, that an increase/decrease
in compressional isotropic stress of 10 MPa reduces/increases the sample volume
by 0.05%. It is also determined that superimposing 10 MPa of uniaxial stress
in the ẑ direction on top of the in-situ isotropic stress causes a change in shape
where the ratio of radial shortening to axial lengthening is approximately 0.27.

b) Write stress and strain tensors describing the state of the core sample
during the uniaxial test.

c) Give the P- and S-wave seismic velocities expected for this material.
7) Calculate the first-order volume change when a cylinder of material with

length l, radius r and Poisson’s ratio ν is subjected to uniaxial strain in the x̂
direction and zero stress in the ŷ and ẑ directions. Express your result in terms
of l, r, ν, and the longitudinal strain, εxx. Show that the first-order volume
change is zero when Poisson’s ratio is equal to 0.5 in this test. What is the
physical interpretation of the medium in this special case?
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