
MATLAB and Mathematical Introduction – Will be
discussed in class on 1/24/11

GEOP 523; Theoretical Seismology

January 17, 2011

Much of our work in this class will be done using MATLAB. The goal of this
exercise is to get you familiar with using MATLAB (or perhaps just as a refresher
if you already have experience with it). There are more examples and information
in the MATLAB primer that is available on the class website. Here we will work on
the basics of inputting matrices, manipulating them, doing some plotting, and some
simple mathematical calculations.
We will not grade this in the traditional manner, instead, bring all relevant plots
of your work to class and be prepared to present/discuss any of these concepts and
problems.

1 Some matrix commands

In MATLAB matrices can be entered manually, or by using some pre-defined MAT-
LAB functions. Here are some examples. If you have not used MATLAB very much,
you will want to work through these examples of the functions.

A=[1, 2, 3; 1, 4, 7; 2, 6, 1; 4, 5, 0]

% This creates a 4 x 3 matrix; each row is separated by a semi-colon; entries within
a row are separated by a comma (like vectors)

B=zeros(4) % This creates a 4 x 4 matrix of all zeroes
C=ones(3,4) % This creates a 3 x 4 matrix of all ones
D=eye(5) % This creates a 5 x 5 identity matrix
E=diag([1,2,3]) % 3 x 3 diagonal matrix with 1,2,3 on diagonal
F=5*C % scalar multiplication
G=[3, 4, 5; 1, 6, 3; 2, 2, 9; -1, 0, 17]
H=G+A % matrix addition
J=G-A % matrix subtraction
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K=G.*A % multiplies the i-jth entry of each matrix
L=A’ % transpose of A
M=G*L % matrix multiplication
N=L*G % matrix multiplication
O=[1, 2, 3; -1, 6, 0; 6, 2, 14]
P=inv(O) % inverse of O
A=det(P) % determinant of P
A(3,i) % third column of A
A(i,4) % fourth row of A
A(1:3,2:4) % indicated partition of A

2 Plotting Example

First, let’s set up a matrix that will plot an object. Let the object be represented by
a 2x9 matrix of 9 (x, y) points.

object = [0 1 3 3 2 1 1 1 3; 0 0 0 1 2 1 0 1 1]

To see what the object is, set up the axes for a plot:

hold on %This keeps the axis properties for subsequent plots
axis([-pi, pi, -pi, pi]) % This sets the axes to -π to π.

% Note pi is pre-defined in MATLAB as 3.14159265358979.
axis(’equal’) % This requires that x and y axis scaling is equal
Then plot the matrix:
plot(object(1,:), object(2,:)); % plots all x (row 1) and y (row2) points

3 Rotation Example

Let’s rotate the object clockwise around the origin by multiples of 60◦, using a rota-
tion matrix Ato move the points in the object. Define Aas

A= [cos(pi/3) -sin(pi/3); sin(pi/3) cos(pi/3)]

For the 60◦ rotation of the object, multiply A by the object matrix:

object1 = A* object;
object2 = A* A* object;
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object3 = A* A* A* object;
object4 = A* A* A* A* object;

Now add these to your plot.

plot(object1(1,:), object1(2,:));
plot(object2(1,:), object2(2,:));
plot(object3(1,:), object3(2,:));
plot(object4(1,:), object4(2,:));

You could also put all of these commands in an M-file, which is a text file con-
taining MATLAB statements. Running this file within MATLAB will cause all the
statements in the file to be executed. In the next section, we will write a script to
calculate angular distances between two points.

4 Scripting

Knowing angular distance is an important tool in seismology. Usually, we refer to
points on the surface of the Earth in latitude (λ) and longitude (φ). We can convert
these into position vectors using:

ax = cosλ · cosφ
ay = cosλ · sinφ

az = sinλ

To compute the distance between two vectors, just calculate the scalar product of the
2 vectors.

a
¯
· b = ‖a‖ · ‖b‖ · cos θ = axbx + ayby + azbz

The angular distance in radians between the 2 points is given by

θ = acos(a · b)

The task here is to write a function script in MATLAB to do this calculation – my
version is below as an example.

function [gcarc] = gcarc(lat1,lon1,lat2,lon2)
% Compute the angular distance in degrees between 2 points given in latitude and
longitude.
% Input: lat1, lon1 latitude and longitude of point 1, lat2,lon2 - point 2
% Output: gcarc - angular distance in degrees

% 1st convert to radians from degrees
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deg to rad = pi / 180;
rad to deg = 180 / pi;
lat1 = lat1*deg to rad;
lon1 = lon1*deg to rad;
lat2 = lat2*deg to rad;
lon2 = lon2*deg to rad;

% convert to Cartesian coordinates
P1 = [cos(lat1)*cos(lon1),cos(lat1)*sin(lon1),sin(lat1)];
P2 = [cos(lat2)*cos(lon2),cos(lat2)*sin(lon2),sin(lat2)];

% calculate scalar product to get angle between vectors
gcarc = acos(sum(P1.*P2)) * rad to deg;

To use the function, type the following in the MATLAB command window
gcarc(20, 60, 65, 60)

This should return
ans = 45.0000000

5 Eigenvalues and Eigenvectors

We can calculate the eigenvalues and eigenvectors of the rotation matrix A within
MATLAB using the built-in functions. Remember that the matrix A can be decom-
posed into its eigenvalues and eigenvectors by the following

A = XΛX−1

where X is the matrix of eigenvectors and Λ is a diagonal matrix containing the
eigenvalues. This is a very useful decomposition, especially to speed up mathematical
operations such as repetitive multiplication.

A3 = AAA
= (XΛX−1) (XΛX−1) (XΛX−1)

= XΛ(X−1X)Λ(X−1X)ΛX−1

= XΛΛΛX−1

= XΛ3X−1
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To find the eigenvalues of A, use the eig function in MATLAB
vals = eig(A);

This produces a vector vals with the 2 eigenvalues of A.
vals = [0.5 + 0.8660i; 0.5 - 0.8660i]

To find the eigenvectors of A, use the eig function with A
[X, L] = eig(A);

produces eigenvectors in the columns of X
X= [0.7071 0.7071

-0.7071i 0.7071i]
with the corresponding eigenvalues on the diagonal of the matrix L.
Check to see that you can get back to the original matrix A using X ∗ L ∗ inv(X).

Just as a refresher (and to check the MATLAB built-in eig functions), let’s calcu-
late the eigenvalues of Awithout using the eig function. Remember that eigenvalues
xsatisfy the equation

Ax = λix

which can be rewritten as

(A− λiI) = 0

(A − λiI) expands out into a polynomial function in terms of Λi (the characteristic
polynomial). MATLAB can calculate the coefficients of this polynomial, using the
poly function.

p= poly(A)
where p= [1.000 -1.000 1.000]. So the characteristic polynomial for A is

λ2i − λi + 1 = 0

The roots of the polynomial are the values of λi where the polynomial is equal to
zero. These roots satisfy (A − λiI) = 0 and are the eigenvalues of A. To calculate
the roots of the polynomial, use the MATLAB roots function

vals roots = roots(p)
The result is (0.5 + 0.8660ı, 0.5− 0.8660ı), giving the same values as the eigenvalues
computed with the eig function.

6 Convolution

The output of a linear system, defined by an impulse response i(t) to an input signal
s(t) is given by the convolution of the two functions, often written as i(t) ∗ s(t)
(where the asterisk implies convolution, not multiplication!). We can calculate this
important function for MATLAB sampled time series in a variety of ways, but the
simplest method is to use the conv function, which simply multiplies and sums the two
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progressively time lagged series together (with one of the two time reversed; it doesn’t
matter which). If the two input series are of lengths N and M , then it’s not hard to
see that the resulting output is of length N + M − 1. To properly approximate the
continuous integral defining convolution for sampled time series, we must multiply the
raw output of conv by the sampling interval for the two time series, dt. For example,
to calculate the convolution of the MATLAB vectors a and b, where the sampling
rate is 1000 Hz, we simply write

c= conv(a, b)*0.001

7 Spectral Estimation

The spectrum of a signal is given by its Fourier transform. In sampled time series
the corresponding transform is the Discrete Fourier Transform (DFT), usually im-
plemented via the Fast Fourier transform (FFT) algorithm. A quick (but not the
most accurate) way to estimate the spectrum of a time series, x, is to simply exam-
ine its amplitude and/or phase in the frequency domain using the FFT function in
MATLAB

y= fft(x)

The output of the fft function is a complex frequency series corresponding to frequency
indices (in Hz)

F= (0:N-1)*fs/N

where fs is the frequency of sampling and N is the number of points in x. Any DFT
spectrum is periodic with period fs, so the output from the fft function between fs/2
and fs also represents the spectrum of x between -fs/2 and 0 frequency. The useful
fftshift command puts the zero frequency response in the middle of a spectrum by
shifting its second half to the beginning. For reasons discussed in detail in Geophysics
505, the amplitude spectrum of a real-valued time series always has even symmetry
(and the phase spectrum always has odd symmetry) with respect to zero frequency.
As an example, let’s plot the spectrum of a band-limited random time series, as
created by convolving a white signal with a 10-point boxcar function.

x=randn(1028,1);

y=ones(10,1);

z= conv( y,x); N=1024; z=z(1:N);

Z=fft(z);

F= (-N/2:N/2-1)*fs/N; plot(F,fftshift(abs(Z)))
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The above method simply employs the fft algorithm applied to the entire time
series to estimate the spectrum (and the abs function gives the amplitude of the com-
plex spectrum for plotting). There are more accurate ways to estimate the spectrum,
however (see MATLAB’s pmtm, for example).

8 Problems

1) Define a stress tensor σ = [100 -50 0; -50 150 -35; 0 -35 30] MPa, where the tensor
elements are in the form:

Snn Sne Snd
Sen See Sed
Sdn Sde Sdd

and n = north, e = east, d = down.
Calculate the eigenvalues and eigenvectors for this stress tensor. What are the prin-
cipal axes of this stress tensor?

2) In section 3, you rotated an object 4 times using A ∗A ∗A ∗A∗object in MAT-
LAB. Where does the object end up if you rotate 120 times? Is there a faster way to
determine this rather than calculating A120?

3) Using the distance calculator script, estimate the distance between (4N, 32E)
and (95S, 22W) and between (0N, 66E) and (85N, 25E).

4) A long-period Rayleigh wave travels across the Earth at a mean velocity of 3.65
km/s. About how long after an earthquake in Indonesia does it take to get to New
York City? Paris, France? Tokyo, Japan? About how long does it take to circle the
entire planet?

5) Use the MATLAB conv function to calculate and plot the first several seconds
output of a unit gain f0 = 1 Hz underdamped, (d = 0.707) vertical-component
seismometer to a vertical ground displacement defined by a unit-height, standard
deviation σ = 0.25 Gaussian pulse,

s(t) = e−16t2

where the appropriate instrument response, i(t), is given by

− G
ω1

(
δ(t)ω1 − 2H(t)ω1ζe

−ζt cos(ω1t) + H(t)ζ2e−ζt sin(ω1t)− H(t)ω2
1e

−ζt sin(ω1t)
)

and where, G = 1, ω1 =
√
ω2
0 − ζ2, ω0 = 2πf0, and ζ = dω0. Use a sampling rate of

1/dt = 100 Hz. Note that the representation of δ(t) in a time series is a single sample
“spike” at t = 0 with a height of 1/dt. H(t) is the step function, which is zero for
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t < 0 and one for t ≥ 0.

6) Plot and interpret the amplitude spectra of the input displacement pulse and
the seismometer output signal (labeling the frequency axes correctly).
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