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Over the next two weeks we’ll examine numerical solutions of first order ODEs taken from Kreyszig, Section 21.1, 
pp. 897-8, of the text. This first group, in Homework 4, concerns Euler methods (EM) and is due October 8, 2008. 
The second group, to be given in Homework 5, will concern RK methods (and will be due October 15). In addition, 
in this homework you are given below a synthesis problem to be solved both exactly and numerically. 
 
From the text solve problems 1, 2, 5, 7, and 8.  
 
For these problems write and use your own personal MATLAB EM code(s). Where the text refers to the Euler 
method it is referring to the forward or Explicit Euler method. Where the text is referring to the improved Euler 
method (e.g., problem 7) it is referring to the method on p. 890. To solve these problems you will write two codes. 
First, write an explicit EM code, then copy and modify it to make an improved EM code. 
  
Your text and these problems don’t consider the backward or midpoint Euler methods, or a more general theta 
method. Further modify a copy of your explicit EM code to build a general theta method code. With it solve 
problem 7 again, using a forward (explicit) method, a backward (fully implicit) method, a midpoint method, and a 
theta method with weight theta = 0.75. Compare these solutions to each other and to the solution for the improved 
method of the original problem 7.  
 
You should now have three codes: an explicit method only, an improved method, and a general theta method.  
 
As your first step for writing each of these three codes you will write a pseudo code. This is already done for the 
improved method, and is presented on p. 890. Using that as an example, write separate pseudo code for the explicit 
method and for the general theta method. Base your codes on these pseudo codes. 
 
For your answer to these problems provide: the pseudo codes, the codes, the program output including plots, and 
commentary. You can keep the codes minimally commented, so as to limit the effort 
 
 
H4.1 A contaminant hydrology problem synthesizing some of the 1st order, linear ode concepts and applied to a 
hydrology problem. It uses exact analytical solutions. 
 
In class and the homework we played with a lumped parameter model of water balance. We can build a similar 
lumped parameter model for a solute in an aquifer (the lumped parameter model of a lake looks similar). (We’ve 
already seen some simple examples of models like this in class and in the text. See e.g., Examples 2 & 3 on p. 13, 
and Example 3 on p. 29, of the text.) Written as an extensive model we have for solution mass balance: the time rate 
of change of solute mass (kg/s) is equal to the net solute mass flux into the model (in-out) plus the net solute mass 
source (sources -sinks). In this case, that of a solute in a phreatic aquifer, the sources would include solute entering 
with recharge, as well as direct injection of solute. Let’s assume that the only flux is that associated with the 
groundwater discharge, and is out of the model. Such lumped parameter models have been used in practice to 
evaluate decisions, e.g., regarding the reduction of nitrogen loading on an aquifer by installing sewers and replacing 
septic tanks. In any event, the solute mass balance is coupled to the water balance – the solute follows the flow. In 
cases where solute concentrations, C (kg/m3), are low enough (so that water density is not affected), and particularly 
for lumped parameter models, the behavior of the water balance is independent of solute concentration. Then the 
two models are solved sequentially. First, solve the water balance problem and then use that solution to provide 
water storage and water flux rates (like groundwater discharge) to the solute mass balance problem. 
 
The solute mass balance model can be rewritten as an intensive model, where the state (independent) variable is 
concentration rather than mass. First, write solute mass as the product of solute concentration, C(t), and water 
volume, n A (h(t) – bottom elevation)., where A is the area of the phreatic aquifer, h is the water table elevation, and 
n is porosity. In our case (see our previous water balance lumped parameter model, from the notes) the bottom 
elevation is the datum, so its zero. The water volume is then n A h(t). The rate of change of solute mass, given the 
symbol M, becomes 
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You can see from the last term on the right how the solution of the water balance equation influences the storage of 
solute, illustrating the storage component of coupling the water and solute mass balances. For example, if there are 
no solute external fluxes or internal net sources of solute, then the solute mass balance equation would be given by 
setting equation (1) to zero. In this case, the solute mass would not change over time, although solute concentration 
could change. For example, if head increases (say due to recharge without any solute) then aquifer concentration 
would be diluted and aquifer concentrations would decrease.  
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The intensive model comes from dividing (1) by area, A, to yield the left side of our model solute balance below (4). 
 
Dividing the right side of the mass model by area, A, the intensive solute net source and flux due to discharge is 
given by  
   ( )ChhCNInFluxNetSourcesNet oN −−=+ α    (3) 
 
where CN is the concentration of solute associated with the recharge. Note that the solute concentration in the 
discharge is assumed to be the same as the aquifer concentration. This is typical for solute (and heat) lumped 
parameter models, which are assumed to be “well mixed.” This last term is also the flux component of coupling (see 
dependence on h).  
 
The final intensive model balances the time rate of change of solute concentration (1) with the solute source due to 
recharge and the solute flux out due to groundwater discharge3), or 
 

   ( )ChhCN
dt
dhnC

dt
dCnh oN −−=+ α     (4) 

 
The second term on the LHS, the one involving a change in water storage, is handled two different ways5. Either h 
or its derivative is recorded during the solution of the water balance, and stuck in here, or the water balance equation 
(see p. 62 of the notes) is symbolically substituted to yield 

   ( ) ( )ChhCNChhN
dt
dCnh oNo −−=−−+ αα ][       (5a) 

or 

   NCNCN
dt
dCnh =+      (5b) 

 
where, since this is a phreatic aquifer, we’ve assumed that storage S in the water balance model represents specific 
yield, Sy, and that specific yield and porosity are the same, n = Sy (this is a controversial but common assumption). 
Notice how, in going from (5a) to (5b) the outflow (flux) terms have canceled, in this version of the model. 
 
In the following, assume that the flow is modeled as in part a on p. 62 of the notes, where the recharge, N, is steady 
(constant). Then in (5b) concentration C(t) will change with time for one or more of three reasons. The initial 
condition is “out of balance” with the forcings. The concentration in the recharge, CN(t), is changing with time. Or 
the water balance is unsteady and head, h(t) is changing. 
 
Required: 

a. In the following suppose the water balance is in steady state. What is the symbolic relationship of head to 
recharge and flow parameters?  

                                                           
5 This issue of which way to handle this term crops up in 3D numerical models of solute and heat transport in 
aquifers and other water resources. Much of what we learn from lumped parameter models mimics more 
complicated versions of the same issues in these more sophisticated and complex models. 
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b. Using this result simplify (5b). Then assume that the recharge water initially contains no solute. What is the 
symbolic solution for C(t), if recharge concentration takes a step function from zero to a new fixed value. 
Take some typical values for parameters and plot the result. What is the functional shape of the response? 

c. Keeping that function in mind, define a time constant for the solute response of an aquifer. Symbolically, 
how does your time constant depend on parameters? What kinds of aquifers have longer (slower) time 
constants? Faster? Discuss. 

d. Illustrate this discussion by assuming three different sets of parameters (initial condition, aquifer 
characteristics, constant CN, etc) and solve (exactly) for and plot numerical values of C(t) to illustrate 
behavior as a function of aquifer type. Discuss. 

e. Suppose that instead of recharge concentration, CN, being constant, it is growing exponentially with time, 
say due to human development. A typical example is suburban spawl with each home installing and using a 
septic tank for wastewater disposal. In this case the solute of concern is nitrate. Suppose further that before 
development aquifer concentration were zero. What is the symbolic equation for nitrate buildup in the 
aquifer? Pick some typical numbers for parameters and illustrate the solution with one or more plots. Also 
use the symbolic expression and plots to explore sensitivity of buildup to parameters and model behavior. 
Finally, suppose that the area were sewered at some time in the future and the recharge concentration 
dropped “instantaneously” to zero (but the recharge rate N did not change). How quickly would the aquifer 
recover (concentrations drop)? What controls the rate of recovery? 

 

H4.2  Write a general EM theta code to numerically solve the lumped parameter, linear, groundwater models for 
both flow (from Homework 3) and concentration (above, but also accounting for pumping). Assume that while the 
concentration depends on head, the head does not depend on concentration. Allow for time varying recharge, 
pumping and solute concentration in the recharge.  Assume that pumped water is produced with the same 
concentration as the aquifer (well-mixed assumption, again). Verify that your code is working by testing it against 
some of the analytical solutions for flow (previous homework) and concentration (above). Make your tests robust 
(exponential response to IC, periodic recharge, exponential growing pumping, exponential growing solute 
concentration in the recharge). We’ll use this code later to solve an applied problem. 

As a solution for this problem you will submit a short report in proper English. It will have three sections: code 
written description (what it does and how) including pseudo code, users manual (how to use the code), and code 
verification (comparison to test cases with plots and tables) ; and an appendix with a listing of the code.  

Write the code as a Function M-file. 

 

Note: The supplementary reading on the paper by Gelhar and Wilon (1974) talks about a problem of this type, but in 
that model the numerical solution is limited to the explicit EM.  


