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A wide range of earth scientists employ mathe-
matical and computational models linking a set of
observable outcomes or data, d, to an assumed or
estimated set of parameters, m. If the simulation
model is represented by G, the forward-modeling
operation can be represented in a general form as
d ¼ G(m). While the forward problem of computing
d from a given set of parameters, m, may be
computationally intensive, it is generally well
behaved, in the sense that a specific m vector maps
to a single output d vector and the elements of d

generally vary smoothly with changes in the
elements of m. The latter behavior is largely due
to the fact that many earth-science processes,
encapsulated in the model G, represent smoothing
operations. Spatial variations in the parameters
often add only fairly minor wrinkles to the
distribution of data, superimposed on the data field
that one might observe in the presence of uniform or
very smoothly varying parameter values. On the
other hand, the inverse problem of estimating
parameters from observed data, m ¼ G�1(d), is
often very poorly behaved. The two most common
difficulties encountered in inverse modeling are
nonuniqueness (multiple parameter sets represent
the data equally well) and ill-posedness or ill-
conditioning (small changes in the data result in
large changes in the estimated parameters—the flip
side of the smoothing characteristics of the forward
model). In this well-written book, Aster, Borchers,
and Thurber explore these issues in detail, focusing
largely on the use of regularized inversion techni-
ques to help tame the unruly inverse problem. The
book includes a CD containing Matlab code and
geo.2007.03.003
data for the numerous examples and exercises and a
Matlab library of regularization tools developed by
Per Hansen.

This book was developed for a graduate-level
course in geophysical inverse modeling and the
examples presented are largely in the realm of
geophysics, including crosshole seismic tomogra-
phy, vertical seismic profiling, and gravity-field
inversion. However, the methods presented are
applicable to a wide range of problems, and the
authors include a few examples outside of geophy-
sics. One hydrogeological application presented is
the reconstruction of a contaminant source history
from downgradient concentration observations in
an aquifer. In addition, the authors frequently
revisit an example that involves scattering of light
through a narrow slit, due to its utility in illustrating
various aspects of the inverse problem.

Inverse modeling is an advanced topic and this
book assumes the reader has a fairly strong
quantitative background. In particular, readers
need to be reasonably comfortable with linear
algebra, probability and statistics, and vector
calculus to be able to follow the development in
the main text. The authors have provided a concise
appendix on each of these topics. To tackle the
exercises and get the maximum benefit from the
examples, the reader also needs some facility with
Matlab. The authors do not include a Matlab
primer in the text, and this is probably unnecessary
due to the wealth of documentation that accom-
panies Matlab.

The introductory chapter provides a lucid over-
view of key aspects of the inverse problem,
concluding with a section entitled ‘‘Why Inverse
Problems Are Hard’’, discussing the issues of
solution existence, uniqueness, and stability. This
chapter also introduces most of the example
applications used in the text. Chapters 2–8 are
devoted to discussion of linear inverse problems,
primarily of the discrete variety, in which the
forward model can be represented as a matrix

www.elsevier.com/locate/cageo
dx.doi.org/10.1016/j.cageo.2007.03.003


ARTICLE IN PRESS
Book review / Computers & Geosciences 33 (2007) 987–988988
operation, d ¼ Gm. This discussion is of broad
applicability, since the vast majority of practical
inverse problems are cast in linear discrete form in
one way or another, with nonlinear problems
almost invariably treated as sequences of linear
approximations.

After presenting linear regression in Chapter 2
and discretization of continuous problems in
Chapter 3, the authors discuss the thorny issues of
rank deficiency and ill-conditioning in Chapter 4.
This chapter is possibly the most important in the
text because these issues are pivotal to under-
standing why good forward problems go bad in
inverse mode. This is probably also the most
mathematically challenging chapter, focusing on
the singular value decomposition (SVD) of the
model matrix, G, and the implications of the results
of that decomposition on solution uniqueness and
stability. The authors introduce the Moore-Penrose
pseudo-inverse, or truncated SVD, approach to
solving the inverse problem and also present the
related issue of model resolution, essentially the
extent of ‘‘blurring’’ inherent in the inverse opera-
tion. Chapter 5 introduces Tikhonov regularization,
in which a term penalizing deviations of the
estimated parameters from uniformity or smooth-
ness is added to the objective function to be
minimized. This helps stabilize the inverse solution,
at the cost of some degree of bias in the solution.
Chapters 6–8 cover iterative solution techniques,
additional regularization techniques, and Fourier
techniques. Chapters 9 and 10 cover nonlinear
regression and nonlinear inverse problems. The
book concludes with a brief introduction to
Bayesian methods in Chapter 11. The authors
demonstrate that the Bayesian approach often leads
to equivalent results as regularization, although
with the solution conceptualized in terms of a
probability distribution rather than a single answer.

The text contains a fair amount of discussion of
uncertainty assessment for the estimated para-
meters, primarily in terms of the covariance matrix
of the estimates (based on a linear approximation
around the final solution in the nonlinear case), but
also mentioning Monte Carlo error propagation.
One topic that is not mentioned is predictive
uncertainty—uncertainty in predictions when the
estimated parameters are used to model responses
under a significantly different scenario than the test
scenario or historical data. This is perhaps not a
major issue in exploration geophysics, since an
interpreted version of the final parameter estimates
or earth model is often the end point of a
geophysical investigation. An investigator is seldom
interested in predicting the results of a different
geophysical experiment. However, in other fields,
such as hydrogeology or reservoir engineering, the
primary purpose of estimating parameters from
historical or test data is to be able to predict
responses to future stresses and these future
stresses may involve an entirely different flow
configuration than that under which the historical
data were obtained. In this case the investigator
really should assess the impact of various model-
fitting decisions, such as selection of a regularization
parameter, in terms of their impact on the predicted
responses, not simply their impact on the estimated
parameters.

In Parameter Estimation and Inverse Problems,
Asters, Borcher, and Thurber provide a clear and
concise textbook with engaging examples and
exercises. I would not hesitate in choosing it as a
textbook for a graduate-level class in this area and
would also strongly recommend it to readers
interested in learning about inverse problems in
the earth sciences, provided they have a sufficient
quantitative background to be comfortable with the
level of presentation.
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